A generalized Toda Lattice equation is considered. The associated linear problem (Lax representation) is found. For simple case N = 3 the τ -function Hirota form is presented that allows to construct an exast solutions of the equations of the 1DGTL. The corresponding hierarchy and its relations with the nonlinear Schrodinger equation and Hersenberg ferromagnetic equation are discussed.
Introduction
The 1D Toda lattice (1DTL)q n = e q n−1 −qn − e qn−q n+1
is one of most important integrable equations which plays an important role in mathematics and physics. In physics, the equations (1.1) describe an interacting N particles, each with mass m n = 1, arranged along a line at positions q 1 , q 2 , ..., q N . Between each pair of adjacent particles, there is a force whose magnitude depends exponentially on the distance between them. The 1DTL was discovered by Morikasu Toda in 1967 [1] . Using the computer experiments, in [7] was suggested that the 1DTL is integrable. In [4] , [8] , [9] the integrability of the 1DTL is proved. Note that this equation is a discrete approximation of the KdV equation
2)
The aim of this Letter is to construct the some integrable generalization of the equation (1.1) , that can be linked to both linear and quadratic compatible Poissonbrackets for the usual 1DTL.
Background on 1DTL
In this section we present some known fundamental informations for the 1DTL and fix some notations. Let p n denotes the momentum of the nth particle. Then the total energy of the system is the Hamiltonian
So the system (1.1) can be written aṡ
Except the original form (1.1), there are exist its the other various equivalent forms. Some of them as follows.
and so on. Above D t , D n are the well known Hirota bilinear operators and τ n is so-called τ -function which play a key role of the theory of integrable systems. Note that a new and initial "physical" (q n , p n ) dependent variables are related as
There are at least two possible Lax representations for the 1DTL, one of order 2×2, another one of order N×N (see, e.i. [10] ). The 2×2 Lax pair is defined as
The associated linear problem is
The compatibility condition of these equations
gives the equation (1.1). The equivalent Lax representation is given by the N×N Lax pair
where
There are exist a so-called r-matrix representation for the Poisson brackets {L µ , L ν } between the matrix elements of L. It has the form
Finally we have
In this notes we use the following form of the r-matrix
3 Generalized TL
In this paper we deal with the system of nonlinear differential-difference equationṡ
It transforms to the ordinary TL as u = v = 0 since we call it as the generalized TL (1DGTL). The system (3.1) is integrable as it can be written in Lax form as (2.11)
There are take place a Lie-Poisson brackets (2.13) between elements of L which are given by
All other brackets are zero. We denote this bracket by π 1 . The functions
are independent invariants in involution that is
The expressions for H i are, for example, 
Note that both brackets π 1 and π 2 transforms to the corresponding brackets of the usual TL for the case u = v = 0.
Case N=3
Let us now we consider in more detail the case N = 3. For this case the corresponding equations of the 1DGTL take the formṡ
This system can be written in Lax form aṡ
There exists a Lie-Poisson bracket given by the formula All other brackets are zero. We denote this bracket by π 1 . The functions
The expressions for H i are, for example,
and so on. The Hamiltonian in this bracket is
The Casimirs of the system are 
The q k , p k coordinates
Let us rewrite the system (4.1) in terms of the coordinates q k , p k =q k , k = 1, 2, 3. Then from (4.1) we haveq
Hence we get and the equations of motion becomë 4.2 The (P k , Q k ) coordinates
Let us consider a new representation for the Lax matrix L as
where {P i , Q j } = δ ij . In this case the equations of motion takes the forṁ
(4.16)
Solutions
To find solutions we first introduce a new variables as
Then the system (4.1) becomeṡ
Note that the GTL equation (4.18) is the isospectral (λ t = 0) and is the compatibility condition of the following spectral problemṡ
where λ is a spectral parameter. This means that it has the Lax representation
, where the Lax pair is defined by
In the matrix form these matrices have the form
If we introduce the following τ -function form of the dependent variable
then we have
and hence c 12 = I 12 − (ln
To define the unkown functions we have the system
Hence and from (5.6) and (5.8) we get
For simplicity we set I ij = 0. Then the system (5.10) becomes
We expand the functions τ n , f in a formal power series in an arbitrary parameter ǫ as
Expanding the l.h.s. of (5.11) in ǫ and equating corresponding coefficients, we get the resulting equations for the functions τ
n , f (k) . Solving these equations we can construct an exast solutions of the underlying set of equations for the 1DGTL.
The 1DGTL hierarchy
First let us recall the main formulas of the usual TL hierarchy. The corresponding hierarchy is defined by
The τ -functions of the TL hierarchy obey the following equations
It is interesting to note that the nonlinear Schrodinger equation (NLSE) is the second member of the TL hierarchy. In fact from (6.2) as k = 2 and from (2.6) we get the following set of equations (see for example [13] )
This set is equivalent to the NLSE [13] iφ t 2 + φ t 1 t 1 + 2φ 2φ = 0, Finally note that the 1DGTL hierarchy has the same form as (6.1) but content the additional two equations.
Conclusion
In the present Letter we considered one of integrable generalizations of TL. The corresponding Lax representation is presented. For the particular case N = 3 the bilinear form (τ -function form) is found that allows to construct exast solutions of the studied generalized Toda equation.
